Introduction and statements of results
Formulas which give asymptotics for averages of families of automorphic L-functions are of great interest in analytic number theory. While such formulas are of intrinsic interest, they also have a wide range of important applications, including to the study of lower bounds for L-functions, nonvanishing of critical values and their twists, and Landau-Siegel zeros (see e.g. [Bl, BFH, IS, KMV, RR] ). In this paper, we will establish an asymptotic formula for the average of central values of L-series associated to canonical Hecke characters of imaginary quadratic fields. We then use this formula to prove a quantitative nonvanishing theorem for these central values.
The setup for this paper is as follows. Let K = Q( √ − Let ε(n) = (−D/n) = (n/D) be the Kronecker symbol associated to K (that the Kronecker symbol equals the Legendre symbol follows from the quadratic reciprocity law). We also view ε as a quadratic character of (O K / √ −DO K ) × via the isomorphism
Let ψ k be a Hecke character of K of conductor √ −DO K satisfying
Assume in addition that ψ k satisfies ψ k (a) = ψ k (a) for all ideals a prime to √ −DO K .
(
1.2)
Let h(−D) be the class number of K and let CL(K) ∧ be the group of ideal class group characters of K,
Let Ψ k be the set of Hecke characters of the form ψ k . This set consists of h(−D) characters, and if ψ k is any one of them,
The L-series of ψ k is defined by
where the sum is over nonzero ideals. It is known that L(ψ k , s) has an analytic continuation to C and satisfies a functional equation under s → 2k − s with root number w(ψ k ) = (−1)
(see e.g. [FI, pg. 674] ). The central value is L(ψ k , k). We now state our main results. Define the theta series is the Hermite polynomial of degree k − 1 and e(z) = e 2πiz . In Proposition 6.1 we will prove that for each even integer k ≥ 2 the theta series θ k− = 1. Then for all δ < 1/60,
The implied constant in the lower bound k,δ is ineffective. Remark 1.1. Results similar to those in Theorem A and Corollary B have been obtained recently by the author and Tonghai Yang [MaY, M] for central values and central derivatives of L-series associated to quadratic twists of subfamilies of Hecke characters ψ k in Ψ k . Remark 1.2. In [MV] , Michel and Venkatesh proved (among other things) that if q is a prime which is inert in K and f is a holomorphic Hecke-eigen cuspform of weight 2 on Γ 0 (q), then for all δ < 1/2700,
The Hecke characters ψ k are examples of canonical Hecke characters of K in the sense of Rohrlich [R2] . Interest in these characters is motivated in part by the fact that the order of vanishing of L(ψ k , s) at s = 1 is related to the Mordell-Weil rank of Q-curves (see e.g. [MY] ). More generally, the order of vanishing of L(ψ k , s) at s = k for k ≥ 2 is related by the Bloch-Beilinson conjecture to the dimension of the image of anétale version of the Abel-Jacobi map on the Chow group of a Kuga-Sato variety (see section 2).
The nonvanishing of the central values L(ψ k , k) and their quadratic twists has been studied extensively in [R1, R2, MR, RV1, RV2, RVY, Y2, MY, LX] . In these papers it is assumed that there is one orbit of the action of Gal(Q/K) on Ψ k . This allows these authors to prove there exists a ψ k ∈ Ψ k for which L(ψ k , k) = 0, and to use a well-known theorem of Shimura [Sh] to conclude that L(ψ k , k) = 0 for all ψ k ∈ Ψ k . The strongest possible result under this hypothesis is due to Yang [Y2] .
If there is more than one orbit of the action of Gal(Q/K) on Ψ k (which happens if gcd(2k − 1, h(−D)) > 1), the existence of one nonvanishing central value no longer implies that all of the central values are nonvanishing. It then becomes of interest to understand how the number of nonvanishing central values in the family {L(ψ k , k) : ψ k ∈ Ψ k } grows with the discriminant −D. Corollary B is the first result of this type.
Note that if k = 2 and D = 59 so that h(−59) = 3 and the root number w(ψ k ) = (−1) 16 = 1, Rodriguez-Villegas [RV2] found that there are two distinct L-series in {L(ψ 2 , s) : ψ 2 ∈ Ψ 2 } which vanish at s = 2 to order at least 2 (the corresponding cusp forms f ψ 2 have weight 4). One reason for interest in examples of this type is that primitive cusp forms whose L-series have high order of vanishing at the critical center s = 1/2 yield effective lower bounds for the class number h(−D) (see [IK, pg. 
541]).
To prove Theorem A we use a combination of arithmetic and spectral methods. Essential use is made of the following two deep results: a formula of Rodriguez-Villegas and Zagier [RV1, RVZ, RV2] for the central value L(ψ k , k), and Duke's theorem [D] on the equidistribution of CM points with respect to the measure dµ(z) on X. The Rodriguez-Villegas-Zagier formula expresses L(ψ k , k) as the absolute value squared of a linear combination of nonholomorphic derivatives of half-integral weight theta series evaluated at CM points (see Theorem 4.1). One immediate consequence is that
To prove Corollary B we combine Theorem A with a deep subconvexity bound of Duke, Friedlander, and Iwaniec [DFI1] for GL(2) automorphic L-functions associated to normalized cusp newforms f of weight k ≥ 2 and level q with trivial nebentypus.
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The Bloch-Beilinson conjecture
One reason for interest in the central values of L-series of Hecke characters of weight > 1 is that there exists a natural generalization of the Birch and Swinnerton-Dyer conjecture to L-functions of motives of CM forms.
Let ψ k,u be the unitary Hecke character of K of conductor √ −DO K associated to ψ k (see section 8). By Hecke's converse theorem, ψ k,u corresponds to a normalized, primitive, CM newform f ψ k,u of weight 2k and level D 2 . Let F = Q(a(1), a(2), . . .) be the totally real field generated by the Fourier coefficients of f ψ k,u . By Scholl [S] and Nekovar [N, Proposition 3.1] 
be the nonsingular compactification of the (2k − 1)-dimensional Kuga-Sato variety over the modular curve M N over Q parameterizing elliptic curves with full level N structure. Let p be a prime not dividing 2(2k − 2)!N φ(N ). One can define anétale version of the Abel-Jacobi map (see [N, pg. 104 
where CH k (Y /K) 0 is the Chow group of homologically trivial cycles of codimension k on Y defined over K, modulo rational equivalence. The Abel-Jacobi map Φ induces a map
is a certain projector and A is a Galois module which is a higher weight analogue of the Tate module of a modular elliptic curve (see [N, pg. 105 
]).
One version of the Bloch-Beilinson conjecture relates the order of vanishing of L(M (−1), s) at the critical center s = 1 to the dimension of the image of the induced map Φ f ψ k,u ,K .
Genus theory
In this section we elaborate on [RV2, section 3] , where a genus G ψ k is associated to each Hecke character ψ k ∈ Ψ k . In particular, we will use the map (3.1) to perform the averaging procedure in section 5.
Each element of CL 2 (K) is associated to a factorization of the discriminant −D as follows. Given U ∈ CL 2 (K), there are ideals
One can associate to each such factorization a genus character by defining
This map is a homomorphism in each variable. A genus is a set of ideals of K whose classes lie in a fixed coset of CL (2) (K). The genus group is CL(K)/CL 2 (K). Every character φ ∈ CL 2 (K)
∧ determines a unique genus G φ as follows. Define a map
One can use genus theory to show that the map φ → G φ is a bijection.
Proposition 3.1. The map defined by (3.1) is a bijection.
Proof. First, we fix some notation. For a number field
Let H be the Hilbert class field of K. By genus theory, there exists a bijection
given by
We have the following diagram:
Again, by genus theory,
By the preceding facts, this pairing factorises to a perfect pairing
i.e. the induced map
is a bijection.
Choose a primitive ideal a prime to √ −DO K such that aD 1 = (µ), where µ = (mD 1 + n √ −D)/2 with integers m, n of the same parity. Given a Hecke character
where
is prime to D, m is prime to D 2 and n is prime to D 1 , and therefore χ ψ k (U ) = 0.
By [RV2, Proposition A] , the map
defined by (3.2) is a well-defined homomorphism. Therefore, by (3.1) one can associate to each ψ k a unique genus
Note that for any character ξ of CL(K), χ ξψ k = ξχ ψ k , where ξ here is restricted to CL 2 (K).
A Formula for the central value L(ψ k , k)
In this section we state a formula of Rodriguez-Villegas [RV2] for the central value L(ψ k , k).
In order to evaluate the theta series θ k− 1 2 (z) on CM points, Rodriguez-Villegas and Zagier impose congruence conditions on the bases of ideals (see [RVZ, ). Fix the choice
, (a, 2) = 1, and b ≡ 1 mod 16, which is well-defined modulo 8Z. Define δ = 0 or 1 by (D + 1)/4 ≡ δ mod 2, or equivalently, (−1)
Theorem 4.1 (Rodriguez-Villegas [RV2] ). Let k be a positive integer, ψ k ∈ Ψ k , G ψ k be the genus associated to ψ k , a 1 be a primitive ideal in G ψ k prime to √ −DO K , and
depends only on ψ k , a 1 , and the ideal class of a, and that the right hand side of (4.1) is independent of a 1 . See also the corollary on [RVZ, pg. 90] .
The average value of L(ψ k , k)
In this section we use Theorem 4.1 to obtain an explicit formula for the average of
Recall that a 1 ∈ G ψ k depends on ψ k (and hence on φ). We now expand (4.1) and use
By orthogonality,
and by genus theory (see e.g. [I2, pg. 221] ),
Hence the inner sum simplifies to
or equivalently,
Using that the map φ → G φ defined by (3.1) is a bijection, we sum over all φ ∈ CL 2 (K) ∧ in the inner sum to obtain
.
Derivatives of modular forms
In this section we review some facts from [RVZ, Section 2] and then prove that for each even integer k ≥ 2 the theta series θ k− + Z for Γ with multiplier system m : Γ → C. Thus, f is a real analytic function satisfying
where the slash operator | k A is defined by
Define the differential operators
and
It is known that the operator ∂ k satisfies
A simple calculation using (6.2) shows that
. More generally, one can define the differential operators
and then
3)
The following formula for ∂ k can be proved by induction (see [B] ),
is the -th generalized Laguerre polynomial. Note that for k = 1/2 one has the identity 6) and for k = 3/2 one has the identity
is the p-th Hermite polynomial. Define the weight 1/2 holomorphic theta series
n odd e(n 2 z/8), and the weight 3/2 holomorphic theta series
Using (6.5) and (6.6) one obtains
Similarly, using (6.5) and (6.7) one obtains
These computations show that the Fourier expansions of the functions θ p+
can be given by the uniform formula
be the subset of modular forms with exponential decay in each cusp of Γ\H.
Proposition 6.1. (i) The theta series
where the multiplier system λ is given by
where γ δ is the Jacobi symbol if 0 < δ ≡ 1 mod 2, extended to all δ ≡ 1 mod 2 by
ρ(A) = δ − 1 + δβ, and e 8 (n) = e(n/8) for n ∈ Z.
(ii) The theta series
where ϑ is the multiplier system for the Dedekind eta function η(z) (see equation (6.8)).
Proof. (i) It is known that the Jacobi theta series θ 1/2 (z) is a holomorphic modular form of weight 1/2 for Γ 0 (2) with multiplier system λ (see [W] ). Thus we have
, and by (6.3)
(ii) First observe that the theta series θ 3/2 (z) can be expressed as
is the Dedekind eta function. It is known that η(z) is a holomorphic cusp form of weight 1/2 for SL 2 (Z) with multiplier system ϑ (see [I2, pg. 45] ). In particular, (6.8) where ϑ(−A) = e(1/4)ϑ(A) for any A, ϑ(A) = e(β/24) if A = 1 β 0 1 , and
Here, s(δ, γ) is the Dedekind sum
. Because ϑ is a multiplier system of weight 1/2 for SL 2 (Z), ϑ 3 is a multiplier system of weight 3/2 for SL 2 (Z) (see [I2, pg. 42] ). It follows from (6.8) that θ 3/2 (z) = η 3 (z) is a holomorphic modular form of weight 3/2 for SL 2 (Z) with multiplier system ϑ 3 . Thus, we have θ 3/2 ∈ M * 3/2 (SL 2 (Z), ϑ 3 ), and by (6.3)
for all ∈ Z ≥0 . It remains to show that θ3 2 +2 (z) has exponential decay in the cusp at ∞ of SL 2 (Z)\H. Let f ∈ M * k (Γ, m) be a holomorphic modular form of weight k for a modular group Γ ⊂ SL 2 (R) with multiplier system m (by holomorphic we mean f is holomorphic in H ∪ {cusps for Γ}). Let x be a cusp for Γ, Γ x < Γ be the stabilizer of x, and σ x ∈ SL 2 (R) be a scaling matrix so that σ x ∞ = x and σ −1
x Γ x σ x is the group of integral translations generated by
x generates the stabilizer Γ x , together with −S x if −I ∈ Γ.
Write the slash operator | k A as | A . By the calculation on [I2, pg. 43] we have
Then by (6.9), e(−κ x z)f |σ x (z) is periodic of period 1, and therefore
where g(q) is holomorphic in the punctured plane C * . By definition, f (z) is holomorphic at the cusp x if g(q) is holomorphic at q = 0. In this case the power series expansion of g(q) at q = 0 yields (6.10) where the complex numbers f x (n) are the Fourier coefficients of f (z) at the cusp x, and
is the Fourier expansion of f (z) at x. We now specialize to f (z) = θ 3/2 (z), Γ = SL 2 (Z), and m = ϑ 3 the multiplier system for θ 3/2 (z). There is one cusp x = ∞, for which we have σ ∞ = I and S ∞ = B. Therefore, by the definition of ϑ, ϑ 3 (S ∞ ) = e(1/24) 3 = e(1/8), and in particular, κ ∞ = 1/8. It follows from (6.10) that
where the complex numbers θ 3/2 ∞ (n) are the Fourier coefficients of θ 3/2 (z) at the nonsingular cusp ∞, and
is the Fourier expansion of θ 3/2 (z) at ∞. This yields the expression
Using (6.1) and (6.4) we can express the differential operator ∂ 3/2 as
By the Leibniz rule,
Apply these facts to the right hand side of (6.11) to obtain
from which it follows that θ 3 2 +2 (z) has exponential decay in the cusp at ∞ for all ∈ Z ≥0 .
Proof of Theorem A
Define the function
(Γ, m), where Γ = SL 2 (Z) and m = ϑ 3 if k ≥ 2 is even, and Γ = Γ 0 (2) and m = λ if k ≥ 1 is odd. In either case for A = α β γ δ ∈ Γ we have
Hence F k (z) is Γ-invariant and defined on the modular curve X = Γ\H. Recall that a = N (a), so
,
It follows that
Substitute (7.1) in (5.1) and use the calculation
and the Dirichlet analytic class number formula 2) or equivalently,
From here forward we assume that k ≥ 2 is even, which by Proposition 6.1, part (ii), implies that θ k− 1 2
y 2 ) with exponential decay in the cusp at ∞ of X = SL 2 (Z)\H, and in particular,
So, by the spectral decomposition of L 2 (X, dµ) with respect to the hyperbolic Lapla-
∂y 2 , we obtain the spectral expansion (7.4) which is convergent in the L 2 -norm (see [I1, pg. 112] ). Here, u 0 (z) = vol(X) −1/2 = 3/π is the constant eigenfunction for ∆ corresponding to the eigenvalue λ 0 = 0, {u n (z)} ∞ n=1 is an orthonormal basis of Maass cusp forms satisfying ∆u n = λ n u n where the eigenvalues λ n are ordered so that 0 < λ 1 ≤ λ 2 ≤ · · · , and E(z, s) is the nonholomorphic Eisenstein series corresponding to the cusp at ∞,
Because ∆ a F k ∈ C ∞ (X, dµ) with exponential decay at ∞ for each integer a ≥ 1, the spectral expansion (7.4) converges absolutely and uniformly on compact subsets of H (see [I1, pg. 112] ), and one can use standard spectral methods to establish the following estimates for the coefficients in the spectral expansion,
and (7.6) for each integer a ≥ 1. The implied constants depend on F k and a.
Sum over CM points in (7.4) to obtain
To estimate the contribution of the discrete spectrum we use the following estimate for the Weyl sums associated to the Maass cusp forms u n (z), n ≥ 1 (see [DFI2, pg. 35 
The proof of (7.8) relies on Duke's [D] nontrivial bound for the Fourier coefficients of weight 1/2 Maass cusp forms.
To estimate the contribution of the continuous spectrum we use the following estimate for the Weyl sum associated to the Eisenstein series E(z, s),
To prove (7.9) one begins with the formula (see [Z] ) + , for Re(s) = 1 2 , together with a trivial upper bound for ζ(s) and a classical lower bound for ζ(2s) (see [T] ) in (7.10). Apply (7.5), (7.6), (7.8), and (7.9) in (7.7), together with Siegel's theorem
for all δ < 1/28. By Siegel's theorem the implied constant in (7.11) is ineffective. Now,
where dµ(z) = (3/π)dµ is the invariant hyperbolic measure of mass 1 on X. Finally, combine (7.3) and (7.11) to obtain
for all δ < 1/28. This completes the proof.
Proof of Corollary B
Let k ≥ 2 be an even integer. First observe that (7.2) is equivalent to
As a consequence of (7.11) we have
as D → ∞, where the term o k (1) is ineffective. Furthermore, by Siegel's theorem,
Apply estimates (8.2) and (8.3) in (8.1) to obtain Assume in addition that ψ k,u satisfies (1.2). Let Ψ k,u be the set of unitary Hecke characters of the form ψ k,u . This set consists of h(−D) characters, and if ψ k,u is any one of them, {ψ k,u ξ : ξ ∈ CL(K) ∧ }. A straightforward calculation yields
Define the completed L-series
Then Λ(ψ k,u , s) is entire, bounded in vertical strips, and satisfies the functional equation Λ(ψ k,u , s) = w(ψ k,u )Λ(ψ k,u , 1 − s), where w(ψ k,u ) = ±1 is the root number of ψ k,u (which is the same as the root number of ψ k ). In the functional equation we used that ψ k,u satisfies (1.2). Define the Fourier series
where the Hecke eigenvalues are given by
By Hecke's converse theorem, f ψ k,u is a normalized, primitive, CM newform of weight 2k and level D 2 with trivial nebentypus χ f ψ k,u ≡ 1 (see e.g. [FI, pg. 674] ). Duke, Friedlander, and Iwaniec [DFI1, Theorem 3] established the following deep subconvexity bound for GL(2) automorphic L-functions of normalized cusp newforms of weight k ≥ 2 and level q with trivial nebentypus.
Theorem 8.1. Let f be a normalized cusp newform of weight k ≥ 2 and level q with trivial nebentypus. Then for every integer j ≥ 0 and complex number s such that Re(s) = 1/2 we have A simple estimate now yields
L(ψ k,u , 1/2) |{ψ k,u ∈ Ψ k,u : L(ψ k,u , 1/2) > 0}|D Finally, combine estimates (8.4) and (8.6) to obtain |{ψ k,u ∈ Ψ k,u : L(ψ k,u , 1/2) > 0}| k,δ D δ for all δ < 1/60. This completes the proof.
